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1 The Littlewood Principle and Lorentz Spaces

1.1 The Littlewood principle and optimality of the Hausdorff-Young in-
equality

Last time we were proving the following theorem.

Theorem 1.1. If || fllza < || fllr for some 1 < p,q < oo and all f € S(RY), then neces-
sarily, g =p' and 1 < p < 2.

We have already proven the first statement. To prove the second we will use the
Littlewood principle: “A translation invariant operator does not improve decay.” So if
T:LP — L9 then g > p. This is not a theorem but a general principle.

Say we have a bump function at 0 and we translate it far away. Keep doing this (IV
times), and let f be the superposition of all the bump functions. If we apply T to f, since
T is translation invariant, we will get N translated copies of the modified bump. Then
| fllzr ~ NP while | Tf|lr« ~ N'4. Then we need N'/4 < NP, Letting N — oo, we
get 1/g < 1/p,sop <gq.

The Fourier transform is not translation invariant, however. And the Fourier transform
of a compactly supported function no longer has compact support. However, we can use
the fast decay of the Gaussian to achieve the same effect.

Proof. Let p(z) = e=™=". For 1 < k < N and a > 1, define
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or(z) = p(x — akey).

Then '
Pr(8) = e HRIG(E — aker).
Let f = Ziz\;l v and S = Ujvzl{z : |z — aje1] < a/10}. Then
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We can bound each of these by
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because |x — akei| > |a(j — k)e1| — |z — ajei| > a|j — k| — a/10 > (a/2)|j — k.
Taking a > 1, we get || f||r ~ N. Similarly,

1F 1l o ~ N/

We need NP < NP for all N > 1. This means that 1/p) < 1/p,sop < p'. So
1<p<2 O

1.2 Weak L? and Lorentz spaces
Definition 1.1. For 1 < p < oo and f : R* — C, define

15 =supAl{z:[g(z)] > A},
wea. >\>0
The weak L space is the set of measurable functions f : R* — C for which || f 17,  <oo.
weak

We denote it by L? . (R9).

Example 1.1. f(z) = |z|¥? isin L \ LP. We have

[ | Zwearc = supAI{m 2|77 > AP~ sup ANTP) VP~ 1
A>0

Remark 1.1. We will show that the weak LP “norm” is a quasinorm (not a norm) and
that is why we append * to the usual norm notation.

By comparison, for 1 < p < oo,
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= // pAPLd\ dx
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=p/ooo Wl [£(2)] > Al dA

So we can write
£l = PPNz : | f(2)] > )‘Hl/pHLP((O,oo) Q-
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With the convention that pt/*° = 1, we also have

1l = 0 lAH @) > APl 0.0, 2

k

Can we do this to LP spaces for other exponents?

Definition 1.2. For 1 < p < co and 1 < ¢ < oo, the Lorentz space LP4(R?) is the set
of measurable functions f : R¢ — C for which

1 Wty = 2NN < [ @) > A2 g, 22 < 00

P 00 _ TP
Note that LPP = LP and LP>° = L ..
Lemma 1.1. Hszp,q(Rd) is a quasinorm.

Proof. 1f || f||7p.q =0, then f =0 a.e. For a # 0,

lafina = PNz : faf(@)] > A7 poar,

A
=p/%al || l{z | f(@)] > Mlal} P
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= lalllflIzr.a-

For the “triangle inequality,” we have

1f + gllina = p A = [£(2) + g(@)] > AP o
< PNz < 1f@)] > A2 + Ha = (@) > N2Vl o

By the concavity of fractional powers, we get

< p*/e
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< 2[|fIzra + llgllZr.al- O

Sl 1) > A/

3o 1@l > a2

Remark 1.2. We will show that for 1 < p < oo and 1 < ¢ < o0, there exists a norm
equivalent to this quasinorm. For p = 1 and ¢ # 1, no such norm exists. Nonetheless, in
this latter case, there is a metric that generates the same topology. In all cases, LP7(R%)
is complete.



Proposition 1.1. For f € LP9(R%), decompose f = Y mez fm by defining fr(x) =
f(a:)]l{2mg|f(x)|<2m+1}(x). Then
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In particular, L2 C LP% ywhenever q1 < qo.



	The Littlewood Principle and Lorentz Spaces
	The Littlewood principle and optimality of the Hausdorff-Young inequality
	Weak Lp and Lorentz spaces


